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We derive an interacting quintessence model on the framework of a recently introduced new class
of geometrical scalar-tensor theories of gravity formulated on a Weyl-Integrable geometry, where
the gravitational sector is described by both a scalar and a tensor metric field. By using a Palatini
variational principle we construct a scalar-tensor action invariant under the Weyl symmetry group of
the background geometry, which in the Einstein-Riemann frame leads to a gravitoelectromagnetic
theory. We use the gauge freedom of the theory and the fact that the Weyl scalar field couples
with matter fields to formulate an interacting quintessential model with a non-canonical kinetic
term, where the quintessence field has a geometrical origin. Due to this non-canonicity we obtain
that the mass of the quintessence field in the past epochs results to be small enough not to cause
modifications in the baryon to photon ratio during nucleosynthesis.
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I. INTRODUCTION
Since the supernovae type Ia observations in 1998, the idea that the universe is expanding in an accelerating
manner has become one of the main open problems in modern cosmology [1–4]. Dark energy and modified gravity
have been in general the proposals to explain the acceleration in the present epoch. As it is well-known the simplest
model that fits the observational data is the ΛCDM model. However, it suffers from the cosmological constant and
the coincidence problems. Moreover, there are some problems of the Λ CDM model at the level of phenomenology of
galaxies, as for example the missing satellite problem, the cusp-core problem, and the too-big-too-fail problem [5–9].
Quintessence models have arised as an attempt to alleviate the problems of the ΛCDM model. However, the main
problem with many of these models is that so fine-tunning initial conditions are required in order to the mass of the
quintessence field not provoke a variation in the baryon to photon ratio during nucleosynthesis, for example. The
cosmic coincidence problem has been the motivation of a particular kind of quintessence models known as interacting
quintessence models. In this approach the fact that the dark energy density today is comparable with the present
matter energy density has motivated the idea that dark energy may be coupled with dark matter. In fact, one of the
problems in this kind of models is to find a physical motivation for such an interacting term. In the literature we
can find several alternatives to address the present accelerated expansion issue. Among these proposals we can count
k-essence models [10–13], dark fluid models [14, 16–19], modified theories of gravity and Brane-World models [20–23],
among many others. However, in this letter one of our interests is to investigate the present accelerated expan-
sion issue in the context of non-Riemannian geometries. In particular on the class known as Weyl Integrable Geometry.
In view that general relativity does not incorporate the Mach’s principle of inertia, the scalar-tensor theories of
gravity where introduced as an attempt to include this principle in a gravitational theory [24, 25]. However, one of
the first problems was about the nature of the scalar field. For some researches it is not so clear if this scalar field
plays the role of gravity or matter [26]. Another feature of this kind of theories is that there are two mathematical
frames to make physical descriptions: the Jordan and the Einstein frames. Of course, a question that naturally
2emerges is about which of the both frames is the physical one. In the literature we can find authors that believe that
the Jordan frame is the physical one and some others point that the Einstein frame is the physical one [26]. However,
it is important to note that this controversy appears in scalar-tensor theories of gravity formulated on Riemannian
geometrical backgrounds. If now the background geometry turns non-Riemannian, this controversy is alleviated.
Recently, a new kind of scalar-tensor theories of gravity was introduced, where the background geometry is not fixed
apriori. Instead it is adopted the Palatini variational principle to obtain a more natural and appropriated geometry
for the kind of scalar-tensor theories of gravity [27–29]. In this new approach both the scalar field and the metric
tensor describe gravity, disappearing in this manner the ambiguity about the nature of the scalar field. Moreover,
the controversy of the frames does not appear in here due to the invariance group of symmetries of the background
geometry, which in this case is the Weyl-Integrable.
The Weyl geometry is a particular class of non-riemannian geometries that for different reasons, and even when
it suffers from the second clock effect pointed by Einstein, in the last years has increased the interest of theoretical
physicists [30–35]. The Weyl geometry has been adopted as geometrical framework to propose for example, extensions
of the standard model of particles physics and general relativity [36], to formulate scale invariant theories of gravity
coupled to the standard model of particles [37], it has been also used to extend Gauss-Bonnet gravities [38], and to
formulate gauge invariant theories of gravity [39], among many other applications. The Weyl-Integrable geometry is a
modified Weyl geometry that has arised as an attempt to avoid the second clock effect of the original Weyl geometry.
This theory incorporates naturally a scalar field in the affine structure of the space-time. In recent investigations it
has been shown that this scalar field can be related with the scalar field employed in traditional scalar-tensor theories
of gravity, when the Riemannian geometry is replaced by a Weyl-Integrable one [27]. As we have mentioned above, in
the few past years a new class of scalar-tensor theories has arised in which the motivation for the introduction of the
scalar field is purely geometric [27–29]. In these approaches, the scalar field arises from a Weyl-integrable space-time
geometry. The relevance on this particular geometry relies in much in the fact that general relativity can also be
formulated in the language of Weyl-Integrable geometry [40, 41]. Moreover, cosmological and inflationary scenarios
have been found, which seems to indicate that the physical inflaton field in the early universe could be modeled by
the Weyl scalar field [29]. The Weyl-Integrable geometry has been also investigated in the light of (2+1) gravity
models, offering new options to give dynamics to the gravitational field [42].
In this letter our interest is to formulate an interacting quintessence model on the framework of this new class of
scalar-tensor theories of gravity developed in a geometrical background described by a Weyl-Integrable geometry, in
which the action shares the same symmetries of the Weyl group of transformations. In order to do so, we propose a new
action for this kind of theories that is invariant under both the diffeomorfism and the Weyl groups of transformations
at the same time. The letter is organized as follows. In section I, we give a little introduction. In section II, we
develop the general formalism in Weyl-Integrable geometry, by means of the introduction of an invariant action under
Weyl-transformations. In section III, we show how to obtain gravitoelectromagnetism as view by a class of observers
defined in the so called Einstein-Riemann frame. In section IV, we obtain the field equations in the presence of a
matter field action. In section V, we formulate, as an application of the formalism, an interacting quintessence model,
studying different dominance regimens for the quintessential dark energy component. Finally in section VI, we give
some final remarks.
II. THE FORMALISM IN WEYL-INTEGRABLE GEOMETRY
Let us start considering an action for a scalar-tensor theory of gravity in the Jordan frame, which in vacuum is
given by
S =
1
16pi
∫
d4x
√−g
{
ΦR+ ω˜(Φ)
Φ
gµνΦ,µΦ,ν − V˜ (Φ)
}
, (1)
where R denotes the Ricci scalar, ω˜(Φ) is a function of the scalar field Φ and V˜ (Φ) is a scalar potential. The action
(1) can be rewritten in terms of the redefined field ϕ = − ln(GΦ) in the form [29]
S =
∫
d4x
√−g
{
e−ϕ
[ R
16piG
+
1
2
ω(ϕ)gµνϕ,µϕ,ν
]
− V (ϕ)
}
, (2)
where we have made the identifications (1/2)ω(ϕ) = (16piG)−1ω˜[ϕ(Φ)] and V (ϕ) = (16pi)−1V˜ (ϕ(Φ)). Now, we adopt
the Palatini variational procedure to obtain the field equations, and thus the variation with respect to the affine
3connection yields [27]
∇µgαβ = ϕ,µgαβ . (3)
This equation corresponds exactly with the well known non-metricity condition for a Weyl-Integrable geometry. It
implies that ∇µ is the covariant derivative defined in terms of the Weyl-Integrable connection. Thus, in order to
distinguish this covariant derivative from the Riemannian one, from now on we will denote it as (w)∇. Hence, we can
interpret that according to the Palatini variational principle the background geometry corresponding to the action
(2) is the Weyl-integrable geometry.
One of the consequences of having a Weyl-Integrable background geometry is that the group of invariance of a
scalar-tensor theory defined on this kind of geometry increases. This follows by studying the symmetries of the
condition (3). With this in mind, it can be easily seen that (3) results to be invariant under the transformations
g¯αβ = e
fgαβ (4)
ϕ¯ = ϕ+ f, (5)
where f = f(xα) is a well defined function of the spacetime coordinates. In order to avoid misunderstandings it is
important to note that the invariance of (3) is achieved when the both transformations (4) and (5) are applied at
the same time. Thus, we have not just a simple conformal transformation, as it is the case for example in some
theoretical approaches where the Weyl connection is obtained from the Levi-Civita connection by using a conformal
transformation of the metric. It is worth mentioning that in fact a pure conformal transformation does not preserve
the background metric. In view of the above considerations it is not difficult to see that for the action (2) to formally
describe a scalar-tensor theory of gravity formulated on a Weyl-Integrable geometrical setting, it is necessary the
requirement that such an action must be an invariant not only under the diffeomorfism group, but also under the
Weyl transformations (4)-(5).
However, a transformation of the kinetic term in (2) according to (4) and (5) gives
√−g¯ ω¯(ϕ¯)e−ϕ¯g¯µνϕ¯,µϕ¯,ν =
√−g ω¯(ϕ¯)e−ϕgµν (ϕ,µϕ,ν + ϕ,µf,ν + f,µϕ,ν + f,µf,ν) , (6)
showing in this manner that the action (2) is not invariant under Weyl transformations. Thus, in order to construct
an invariant action, we introduce the gauge covariant derivative
ϕ:µ = (
(w)∇µ + γBµ)ϕ, (7)
where Bµ is a gauge vector field and γ is a coupling constant introduced to have the correct physical units.
Hence, the simplest action for a scalar-tensor theory of gravity on Weyl-Integrable geometrical background, results to
be
S =
∫
d4x
√−g e−ϕ
[ R
16piG
+
1
2
ω(ϕ)gαβϕ:αϕ:β − e−ϕV (ϕ)
]
, (8)
where the invariance under (4) and (5) of (8) requires that the vector field Bµ, the function ω(ϕ) and the scalar
potential V (ϕ), must obey respectively the transformation rules
ϕ¯B¯µ = ϕBµ − γ−1f,µ, (9)
ω¯(ϕ¯) = ω(ϕ¯− f) = ω(ϕ), (10)
V¯ (ϕ) = V (ϕ¯− f) = V (ϕ). (11)
Writing the expression (9) in terms of the redefined vector field Wα = ϕBα we arrive to
W¯µ =Wµ − γ−1f,µ. (12)
To include a dynamics for Wµ we extend the action (8) in the form
S =
∫
d
4
x
√−g e−ϕ
[ R
16piG
+
1
2
ω(ϕ)gαβϕ:αϕ:β − V (ϕ)e−ϕ − 1
4
HαβH
αβ
e
−ϕ
]
, (13)
where Hαβ =Wβ,α −Wα,β is the field strength of the gauge boson field Wµ. In terms of the gauge field Bα we have
Hαβ = ϕ,αBβ −ϕ,βBα+ϕFαβ being Fαβ = Bβ,α−Bα,β . Something interesting is that if we rewrite the kinetic term
in the action (13), terms of the form ω(ϕ)WµWµ will appear and hence the field W
µ can be interpreted as a massive
bosonic vector field when ω(ϕ) = constant.
4III. GRAVITOELECTROMAGNETISM IN THE EINSTEIN-RIEMANN FRAME
As it was established, the non-metricity condition (3) is invariant under the Weyl transformations (4) and (5). An
interpretation of these transformations is that they lead from one Weyl frame (M, g, ϕ,Bα) to another (M, g¯, ϕ¯, B¯α).
We refer with Weyl frame to a differential manifold endowed with a metric tensor, an affine connection, a scalar field
(part of the connection) and a gauge vector field such that the Weyl-Integrable spacetime geometry holds. However,
it is very useful to note that for the particular choice f = −ϕ we can define the effective metric hµν = g¯µν = e−ϕgµν
such that ϕ¯ = 0. The interesting of this election is that in this case the condition (3) reduces to the effective Riemann
metricity condition: ∇λhαβ = 0, and this is why we will refer to this frame (M, g¯, ϕ¯ = 0, B¯α) = (M,h, B¯α), as to
the Einstein-Riemann frame. We will use this terminology to differentiate it from the traditional Einstein frame
employed in Jordan-Brans-Dicke scalar tensor theories, in view that in the former the geodesics are not preserved
under conformal transformations, while in here the geodesics are Weyl invariant [29].
Something remarkable is that in the Weyl frame the scalar field plays the role of a dilatonic geometrical scalar
field. However, in the Einstein-Riemann frame the Weyl scalar field is not more part of the affine structure. Thus
the Weyl scalar field is view from the Einstein-Riemann frame as a physical field. It means that when we pass from
the Weyl to the Einstein-Riemann frame, the Weyl field pass from being a geometrical field to a physical field. In
addition, once we are in the Einstein-Riemann frame the action needs to be invariant only under the diffeomorphism
group, and it implies that the geometrical invariance requirement for the gauge vector field Bµ given by (12) is no
more valid in this frame.
Thus, we can see that due to the change of geometry the scalar field ϕ and the gauge vector field Bµ have
different properties and interpretations in different frames. So, it results convenient to distinguish the quanti-
ties defined on the Einstein-Riemann frame from the ones introduced in the Weyl frame. With this idea in mind,
we will now on use φ and Aµ for the scalar field and the gauge vector field, respectively, in the Einstein-Riemann frame.
Once we have established some of the physical and geometrical differences between both frames, it is not difficult
to show that the action (13) in the Einstein-Riemann frame acquires the form
S =
∫
d4x
√
−h
[
R
16piG
+
1
2
ω(φ)hαβDαφDβφ− V (φ) − 1
4
FαβF
αβ
]
, (14)
where Dµ = ∇µ + γAµ, the operator ∇λ is denoting the Riemannian covariant derivative and Fµν = Aν,µ − Aµ,ν .
Evidently, the action (14) is invariant under the diffeomorphism group as required by the background geometry in
this frame. The contribution of Aα in the non-canonical kinetic term through the covariant derivative Dµ and the
last term in the action (14), suggest that Aµ can play the role of an electromagnetic potential. For this to be so, Aµ
must transform according to
⌣
Aµ = Aµ − γ−1σ,µ, (15)
where σ = σ(xα). It is important to note that contrary to what happens in usual models of gravitation in which
electromagnetism is involved, we are not introducing an electromagnetic field in the action on a Riemannian geometry.
Instead, it was the change of frame that leave us to the action (14), in which Aµ is just a vector field and the covariant
derivative comes from imposing a Weyl symmetry in the Weyl frame and not for other reasons as for example a gauge
invariance imposition. It is the form of the residual action (14) that allow us to interpret Aµ as the electromagnetic
potential, however, this can still be interpreted simply as an arbitrary vector field. To ensure the invariance of the
action (14) under (15), the next internal symmetries must also hold
⌣
φ = φeσ, (16)
⌣
ω(
⌣
φ) ≡ e−2σω(e−σ
⌣
φ) = ω(φ) (17)
⌣
V (
⌣
φ) ≡ V (e−σ
⌣
φ) = V (φ). (18)
Once we have interpreted Aµ as the electromagnetic potential, the action (14) can be extended by adding a source
term for Aµ in the form
S =
∫
d4x
√
−h
[
R
16piG
+
1
2
ω(φ)hαβDαφDβφ− V (φ) − 1
4
FαβF
αβ − JαAα
]
, (19)
5where Jµ is a conserved current density. Thus, straithforward calculations show that the action (19) leads to the field
equations
Gµν = −8piG
[
ω(φ)DµφDνφ− 1
2
hµν
(
ω(φ)hαβDαφDβφ− 2V (φ)
)− τ (em)µν
]
(20)
ω(φ)φ+
1
2
ω′(φ)hµνDµφDνφ− γω′(φ)AµφDµφ+ γω(φ)∇µAµ − γ2ω(φ)AµAµφ+ V ′(φ) = 0, (21)
∇µFµν = Jν − γω(φ)hµνφDµφ, (22)
with  = hµν∇µ∇ν being the usual D’Alambertian operator, τ (em)µν = T (em)µν − hµνJαAα, with T (em)µν =
FνβFµ
β − 14hµνFαβFαβ being the energy-momentum tensor for a free electromagnetic field. In this manner, the
field equations (20), (21) and (22) can be interpreted as they describe a theory of gravitoelectromagnetism on a
Riemannian geometrical background.
In general, it is not an easy task to solve the system (20) to (22). In order to decouple the scalar field φ from
the electromagnetic potential Aµ, we can implement an election of gauge. In the case of cosmological applications
it is important to remember that the cosmological principle is not compatible with the existence of a vector field
on large scales. However, in some scenarios of the very early universe, it may be possible from our approach to
construct a model for cosmic structure formation in which the seeds of cosmic structure can evolve together with an
electromagnetic part. In this models for example, the electromagnetic field can be considered on quantum small scales,
as an electromagnetic perturbation. For the moment we leave these kind of applications for further investigation.
We are now more interested in applications of the model to the present cosmic accelerating expansion epoch. Thus,
as a cosmological application of the formalism here developed, in the next sections we will present an interacting
quintessence model in order to invesigate if the Weyl scalar field as viewed in the Einstein-Riemann frame can play
the role of a quintessence dark energy field. However, in order to motivate the introduction of a dark matter sector
in the next section we will show how to incorporate matter in the present geometrical formalism.
IV. THE FIELD EQUATIONS IN PRESENCE OF MATTER
Until now, we have considered a geometrical scalar-tensor gauge theory of gravity in vacuum. However, to formulate
an interacting quintessence dark energy model, first it turns out to be more convenient a little discussion about how
an action for matter fields Sm enters in the formalism. As it was shown in [43], due to the fact that gravity is in here
described by the two geometric fields gαβ and ϕ, it is reasonable to expect both couple with matter in an arbitrary
Weyl frame. A Weyl invariant action for matter sources can be written in the form [43]
Sm =
∫
d4x
√−g e−2ϕLm
(
e−ϕgµν ,Ψ,
(w)∇Ψ
)
, (23)
with Ψ denoting some matter field and Lm representing the matter lagrangian which is constructed taking into account
the prescription Lm(g, ϕ,Ψ,
(w)∇Ψ) ≡ L(sr)m (e−ϕg,Ψ,(w)∇Ψ), where L(sr)m is denoting the lagrangian for the field Ψ
in the flat Minkowski space-time of special relativity. Hence , the energy-momentum tensor Tµν(ϕ, g,Ψ,
(w)∇Ψ) for
matter sources in an arbitrary Weyl frame (M, g, ϕ) is determined by
δ
∫
d4x
√−ge−2ϕLm(ϕ, gµν ,Ψ,(w)∇Ψ) =
∫
d4x
√−ge−2ϕTµν(ϕ, gµν ,Ψ,(w)∇Ψ)δ(eϕgµν), (24)
where δ denotes the variation with respect to both gµν and ϕ. In this manner, it is not difficult to see that the field
equations in the Einstein-Riemann frame in presence of matter sources read
Gµν = −8piGTµν − 8piG
[
ω(φ)DµφDνφ− 1
2
hµν
(
ω(φ)hαβDαφDβφ− 2V (φ)
)− τ (em)µν
]
(25)
ω(φ)φ+
1
2
ω′(φ)hµνDµφDνφ− γω′(φ)AµφDµφ+ γω(φ)∇µAµ − γ2ω(φ)AµAµφ+ V ′(φ) = 0, (26)
∇µFµν = Jν − γω(φ)hµνφDµφ. (27)
It is important to note that because Tµν(ϕ, gµν ,Ψ,
(w)∇Ψ) and hαβ = e−ϕgαβ , we can say that the Weyl scalar
field couples with matter fields. For our purposes this is an important feature that allow us to propose an interacting
6quintessence model, in which the Weyl scalar field will play the role of a quintessence dark energy field and dark matter
will be modeled by Tµν . In this manner, the geometrical coupling of the Weyl scalar field with matter motivates the
idea that the both dark sectors may interact each other, which is one of the basic ideas of these kind of quintessence
models.
V. AN INTERACTING QUINTESSENCE MODEL
In this section, we will derive as an application of the formalism a late-time cosmological scenario where the dark
matter is described by the energy momentum tensor for matter Tµν and the dark energy component is modeled by
the geometrical Weyl scalar field φ in the Einstein-Riemann frame. The field φ will play the role of a quintessence
field and an interaction with the dark matter sector will be allowed.
In our model we adopt the cosmological principle and in order to implement it, we choose the gauge
⌣
Aµ = 0, which
corresponds to the election σ,µ = γAµ, necessarily implies that in this gauge the electromagnetic part obeys
⌣
Fµν = 0.
In this gauge the transformed action
⌣
S reads
⌣
S =
∫
d4x
√
−h
[
R
16piG
+
1
2
⌣
ω(
⌣
φ)hαβ
⌣
Dα
⌣
φ
⌣
Dβ
⌣
φ −
⌣
V (
⌣
φ)
]
+ Sm, (28)
which reduces to
⌣
S =
∫
d4x
√
−h
[
R
16piG
+
1
2
ωˆ(Q)hµνQ,µQ,ν − Vˆ (Q)
]
+ Sm, (29)
where we have denoted by Q =
⌣
φ the quintessencial scalar field, ωˆ(Q) =
⌣
ω(
⌣
φ) and Vˆ (Q) =
⌣
V (
⌣
φ). The field equations
for (29) are given by
Gµν = −8piGTµν − 8piG
[
ωˆ(Q)Q,µQ,ν − 1
2
hµν
(
ωˆ(Q)hαβQ,αQ,β − Vˆ (Q)
)]
, (30)
ωˆ(Q)Q+
1
2
ωˆ′(Q)hµνQ,µQ,ν + Vˆ
′(Q) = 0. (31)
By defining the non-canonical effective energy-momentum tensor
T (eff)µν = Tµν +
[
ωˆ(Q)Q,µQ,ν − 1
2
hµν
(
ωˆ(Q)hαβQ,αQ,β − Vˆ (Q)
)]
, (32)
the conservation equation ∇µT µν(eff) = 0 holds. On the other hand, according to the observational data the universe
seems to be 3D spatially flat, thus we consider the FLRW line element
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (33)
where a(t) is the cosmic scale factor. Now, in order to construct the model let us to implement the field transformation
ζ =
∫ √
ωˆ(Q)dQ. (34)
The expression (??) tranforms the non-canonical kinetic term in the action (29) in a canonical term leading to the
action
⌣
S (ζ) =
∫
d4x
√
−h
[
R
16piG
+
1
2
hµνζµζ,ν − Veff (ζ)
]
+ Sm, (35)
where Veff (ζ) = Vˆ (ζ(Q)) is the redefined effective potential.
Now, it follows from (30), (31), (33) and (34) that the independent field equations read
3H2 = 8piG(ρζ + ρm), (36)
ρ˙ζ + ρ˙m + 3H(ρζ + ρm + pζ) = 0, (37)
7where ρm is the energy density for dark matter, whereas the pressure and energy density for dark energy are given by
pζ =
1
2
ζ˙2 − Veff (ζ), (38)
ρζ =
1
2
ζ˙2 + Veff (ζ). (39)
If we assume that dark energy does not evolve independently of dark matter, the equation (37) yields
ρ˙m + 3Hρm = η(t), (40)
ρ˙ζ + 3H(ρζ + pζ) = −η(t), (41)
where η(t) is an interaction function. This interaction between the both dark sectors motivates the relation ρm(t) =
λ(t)ρζ(t), with λ(t) being a differentiable function that accounts for the time variation of the dark matter to dark
energy ratio. Considering an equation of state parameter for the quintessence dark energy ωζ = pζ/ρζ , with the help
of equations (40) and (41) we obtain
ρ˙ζ + 3H
(
1 +
ωζ
1 + λ
+
λ˙
3H(1 + λ)
)
ρζ = 0. (42)
Solving (42) we arrive to
ρζ = ρie
−3
∫
t
ti
α(t′)H(t′)dt
, (43)
where ρi is some initial energy density and α(t) is an auxiliary function defined by
α(t) = 1 +
ωζ
1 + λ
+
λ˙
3H(1 + λ)
. (44)
Inserting (44) in (41) we obtain for the interaction function
η(t) =
(
λ˙
1 + λ
− 3Hλωζ
1 + λ
)
ρζ . (45)
On the other hand, in terms of λ(t) the equation (36) can be rewritten in the form
H2 =
8piG
3
(1 + λ)ρζ . (46)
In this manner, λ > 1 corresponds to a matter dominance epoch ρm > ρζ , when λ = 1 we have an equality epoch
ρm = ρζ and λ < 1 corresponds to a dark energy dominance epoch. According to this argument it is not difficult to
see that λ(t) needs to be a decreasing function of time.
A. The dark energy dominance
In this regimen it is satified the condition ρζ ≫ ρm or equivalently λ(t) ≪ 1. If this is the case the equation (46)
reduces to
H2 ≃ 8piG
3
ρζ , (47)
and the energy density of dark energy (43) reads
ρζ ≃ ρde
(
a
ade
)
−3(1+ωζ)
e−(λ−λde), (48)
where ade = a(tde) and λde = λ(tde), with tde being the time when the dark energy dominance regimen starts.
Substituting (48) in the Friedmann equation (47) and imposing a(tde) = ade we obtain for solution
a(t) ≃ ade
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde
∫ t
tde
e−
1
2 (λ−λde)dt
] 2
3(1+ωζ )
. (49)
8Thus, with the use of (49) the formula (48) can be written as
ρζ ≃ ρde
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde
∫ t
tde
e−
1
2 (λ−λde)dt
]
−2
e−(λ−λde). (50)
Employing (38) and (39) we arrive to
Veff (t) ≃ 1
2
(1− ωζ)ρde
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde
∫ t
tde
e−
1
2 (λ−λde)dt
]
−2
e−(λ−λde). (51)
V˙eff (t) ≃ −3(1 + ωζ)Veff
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde
∫ t
tde
e−
1
2 (λ−λde)dt
]
−1√
8piG
3
ρdee
−
3
2 (λ−λde) − λ˙Veff , (52)
ζ(t) ≃ ζde +
√
(1 + ωζ)ρde
∫ t
tde
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde
∫ t
tde
e−
1
2 (λ−λde)dt
]
−1
e−
1
2 (λ−λde)dt. (53)
In the limit case when λ→ 0 the equations (51) to (53) become
Veff (t) ≃ 1
2
(1− ωζ)ρde
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde e
1
2λde(t− tde)
]
−2
eλde . (54)
V˙eff (t) ≃ −3(1 + ωζ)Veff
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde e
1
2λde(t− tde)
]
−1√
8piG
3
ρde e
3
2λde , (55)
ζ(t) ≃ ζde +
√
(1 + ωζ)ρde
∫ t
tde
[
1 +
3
2
(1 + ωζ)
√
8piG
3
ρde e
1
2λde(t− tde)
]
−1
e
1
2λdedt. (56)
An algebraic manipulation of (54), (55) and (56), and the fact that V˙eff = V
′
eff ζ˙ lead to the quintessential potential
Veff (ζ) ≃ Vdee
√
24πG(1+ωζ)e
λde (ζde−ζ). (57)
Thus it can be obtained an exponential potential for ζ > ζde, in this limit case of the dark energy dominance epoch.
In terms of the original quintesential field Q the equation (57) reads
Veff ≃ Vde e
√
24πG(1+ωζ)e
λde (Qde−
∫ √
ωˆ(Q)dQ). (58)
Therefore, we found that the exponential form for the effective potential Veff can be maintained just for some
functional forms of ωˆ(Q). However, it not in general the case.
B. The equality regimen
In this regimen the condition to satisfy is now ρζ = ρm or equivalently λ(t) = 1. It means that there is an equality
between the energy densities of the both dark components. In this case the equation (46) yields
H2 =
16piG
3
ρζ . (59)
The energy density for the quintessential field (43) under this approximation becomes
ρζ ≃ ρeq
(
a
aeq
)
−3(1+ 12ωζ)
e−
1
2 (1−λeq), (60)
where aeq = a(teq) and λeq = λ(teq), being teq the time when the equality regimen begins. Substituting (60) in the
Friedmann equation (59) and imposing a(teq) = aeq the solution for the scale factor can be written in the form
a(t) ≃ aeq
[
1 +
3
2
(1 +
1
2
ωζ)
√
16piG
3
ρeq e
−
1
4 (1−λeq)(t− teq)
] 2
3(1+ 12ωζ)
. (61)
9Thus, with the use of (61) the formula (60) can be written as
ρζ ≃ ρeq
[
1 +
3
2
(1 +
1
2
ωζ)
√
16piG
3
ρeq e
−
1
4 (1−λeq)(t− teq)
]
−2
. (62)
With the use of (38) and (39) we arrive to
Veff (t) ≃ 1
2
(1− ωζ)ρeqe− 12 (1−λeq)
[
1 +
3
2
(
1 +
1
2
ωζ
)√
16piG
3
ρeq e
−
1
4 (1−λeq)(t− teq)
]
−2
e−(λ−λeq). (63)
V˙eff (t) ≃ −3
(
1 +
1
2
ωζ
)√
16piG
3
ρeqe
−
1
4 (1−λeq)Veff (t)
[
1 +
3
2
(
1 +
1
2
ωζ
)√
16piG
3
ρeqe
−
1
4 (1−λeq)(t− teq)
]
−1
(64)
ζ(t) ≃ 2
3
(
1 + ωζ
1 + 12ωζ
)
ρeq
(
16piGρeq
3
) 1
2
e−
1
4 (1−λeq)
[
1 +
3
2
(
1 +
1
2
ωζ
)√
16piG
3
ρeqe
−
1
4 (1−λeq)(t− teq)
]
−1
. (65)
It follows from (64), (65) and (65) that the quintessential potential written in terms of ζ is given by
Veff (ζ) ≃ Veq e
−3
(
1+ 1
2
ωζ
1+ωζ
)√
16piG
3 (ζ−ζeq)
. (66)
Thus for ζ > ζeq it can be obtained an exponential potential. In terms of the original quintesential field Q the equation
(66) acquires the form
Veff ≃ Veq e
−3
(
1+ 1
2
ωζ
1+ωζ
)√
16piG
3 (
∫
ωˆ(Q)dQ−Qeq)
. (67)
It follows from (67) that similarly to the previous regimen the effective potential is depending of the ωˆ(Q) function.
C. The matter dominance regimen
In the case when ρm ≫ ρζ the matter component is dominant over the dark energy. Under this approximation, it
is valid that λ≫ 1 and according to the equations (43) and (46) the scale factor is given by
a(t) ≃
[
a
3/2
md +
3
2
√
8piGρmd
3
(amdλmd)
1/2(t− tmd)
]2/3
, (68)
where tmd is the time when the matter dominance epoch begins, amd = a(tmd), ρmd = ρ(tmd) and λmd = λ(tmd).
Thus from (38), (39) and (43) we obtain
ρζ ≃ ρmda3md
(
λmd
λ
)[
a
3/2
md +
3
2
√
8piGρmd
3
(amdλmd)
1/2(t− tmd)
]
−2
. (69)
Hence, the scalar field ζ reads
ζ ≃ ζmd +
√
1 + ωζ (ρmdamd)
1/2
∫ t
tmd
(
λmd
λ
)1/2 [
a
3/2
md +
3
2
√
8piGρmd
3
(amdλmd)
1/2(t− tmd)
]
−1
dt. (70)
Notice that for λ≫ 1 the scalar field ζ tends to the constant ζ ≃ ζmd, where ζmd = ζ(t = tmd). For the potential in
this regime we obtain
Veff (t) ≃ 1
2
(1 − ωζ)ρmda3md
(
λmd
λ
)[
a
3/2
md +
3
2
√
8piGρmd
3
(amdλmd)
1/2(t− tmd)
]
−2
. (71)
Then the potential in terms of ζ results to be
Veff (ζ) ≃ Vmd exp
[
−3
√
8piGρmd
3
(amdλ)
1/2(ζ − ζmd)
]
. (72)
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Therefore, the potential in terms of the quintessence field Q becomes
Veff (Q) ≃ Vmd exp
[
−3
√
8piGρmd
3
(amdλ)
1/2
(∫ √
ωˆ(Q)dQ −Qmd
)]
. (73)
By using (73) the mass associated to Q is given by
m2eff (Q) ≃ 24piGVmd(ρmdamd)λ ωˆ(Qmd). (74)
As it was expected, the mass for the quintessence field is also function of ωˆ(Q). It means that there exist a class of
ωˆ(Q) functions that allow a small value of meff when t → tmd. This is important in order to not generate conflicts
with the predictions of light element abundances during nucleosynthesis. In the next section we will give a more
insight about this point.
D. The attractor case
As it is well known, in interacting quintessence dark energy models there exists a stationary attractor type solution
characterized by a constant ratio between the both energy densities compatible with the present accelerating expansion
of the universe [48, 49]. In our case this solution is achieved for constant λ = λ0. In fact according to PlanckTT +
lowP + lensing + ext, can be inferred that λ0 = 0.44092
+0.00508
−0.005695 [45, 46]. In this case the equation (44) becomes
ρζ = ρ0
(
a
a0
)
−3α0
, (75)
where α0 = 1 + ωζ/(1 + λ0), ρ0 = ρ(t = t0), a0 = a(t = t0) being t0 the initial time when the accelerating expansion
epoch begins. Inserting (75) in (46) we obtain for the scale factor
a(t) = a0
[
3α0
2
√
8piG
3
(1 + λ0)ρ0 (t− t0) + 1
] 2
3α0
. (76)
Thus the equation (75) yields
ρζ = ρ0
[
1 +
3α0
2
√
8piG
3
(1 + λ0)ρ0 (t− t0)
]
−2
. (77)
In this manner, with the help of (38) and (39), the scalar field ζ and its potential read
ζ(t) =
2
3α0
√
3
8piG
(
1 + ωζ
1 + λ0
)
ln
[
1 +
3α0
2
√
8piG
3
(1 + λ0)ρ0 (t− t0)
]
. (78)
Veff (t) =
1
2
(1 − ωζ)ρ0
[
1 +
3α0
2
√
8piG
3
(1 + λ0)ρ0 (t− t0)
]
. (79)
Employing (78) and (79), the effective potential as a function of ζ is given by
Veff (ζ) = V0 exp
[
−α0
√
24piG
(
1 + λ0
1 + ωζ
)
(ζ − ζ0)
]
. (80)
This potential as a function of the original quintessential field Q reads
Veff (Q) = V0 exp
[
−α0
√
24piG
(
1 + λ0
1 + ωQ
) (∫ √
ωˆ(Q)dQ−Q0
)]
. (81)
It is important to note that as it happens in the previous cases, depending of the form of ωˆ(Q) the potential (81)
not neccessarily obeys an exponential behavior. For example, if
∫ √
ωˆ(Q)dQ = ln(ξQ)1/ξ, with ξ being a dimensional
11
constant, which corresponds to ωˆ(Q) = 1/(ξQ), the effective potential obeys Veff (Q) ≃ (ξQ)−β/ξ, where the constant
parameter β = α0
√
24piG [(1 + λ0)/(1 + ωζ)]. This is in fact a difference with respect to the Zimdahl and Pavon
model [48], because the exponential behavior of the quintessential potential can change. The effective mass associated
to the quintessential field Q derived from the potential (81) results to be in our case
m2eff = V0α
2
0 24piG
(
1 + λ0
1 + ωQ
)
ωˆ(Q). (82)
A common problem in models of quintesence is that the mass of the quintesence field results to be very large in the
early epochs of the universe [48, 49]. Thus in view of the coupling of this field with matter, this large value of mass
implies that the baryon to photon ratio determined by a successful nucleosynthesis period might change [49]. In our
model due to the non-canonical kinetic energy of the quintessential field Q, we have an extra degree of freedom that
can alleviate this problem. If tnow denotes the present time and tpast denotes some time in the early universe, by
means of the equation (82) we obtain the relation
meff (tnow)
meff (tpast)
=
V (tpast)
V (tnow)
(
αnow
αpast
)√
1 + λnow
1 + λpast
ωˆ(Qnow)
ωˆ(Qpast)
, (83)
where αpast, λpast and Qpast correspond to the values of α0, λ0 and Q in t = tpast, while αnow, λnow and Qnow
denote the values of α, λ and Q in t = tnow. Thus, as it is well known, to have a successful quintessence model we
must require that meff (tnow) ≃ Hnow and meff (tpast) = m∗, with m∗ being small enough to avoid problems with
nucleosynthesis. Thus, the expression (83) yields
Hnow
m∗
=
V (tpast)
V (tnow)
(
αnow
αpast
)√
1 + λnow
1 + λpast
ωˆ(Qnow)
ωˆ(Qpast)
. (84)
Finally, the equation (82) can be written in terms of m∗ as
m2eff = m
2
∗
(
Vnow
Vpast
)(
αnow
αpast
)(
1 + λnow
1 + λpast
)
ωˆ(Qnow)
ωˆ(Qpast)
. (85)
It follows from (85) that for t = tpast, in particular in the nucleosynthesis epoch, meff = m∗, which is small enough to
conciliate with the nucleosynthesis requiriments. Moreover, clearly using (84), the equation (85) for t = tnow reduces
to meff (tnow) ≃ Hnow. Something remarkable is that the smallness of m∗ can be achieved by considering apropiated
ωˆ(Q) functions. Finally, the deceleration parameter in this case is given by
q =
1
2
+
3ωQ
(1 + λ0)
. (86)
According to the observational data: Planck + WP + BAO + SN, the present equation of state parameter ranges
in the interval ω0 = −1.10+0.08−0.07 [45, 46]. Thus for λ0 = 0.44092 the deceleration parameter (86) take the values
−0.711 < q < −0.5557.
VI. FINAL REMARKS
In this letter we have formulated an interacting quintessence model in the framework, of a recently introduced
[27–29], geometrical scalar-tensor theory of gravity. We see that if we adopt a Palatini variational principle, it is
obtained that the resultant background geometry for a scalar-tensor theory of gravity is the known as Weyl-Integrable
and not the Riemannian one, as it is usual assumed in this kind of theories [27]. In this geometry the non-metricity
condition is invariant under the Weyl group of transformations (4)-(5). However, we have shown that the action (2)
for a scalar-tensor theory of gravity is not invariant under the Weyl group. Thus we have proposed the new simple
invariant action for a scalar tensor theory of gravity (13), in which, as it happens in quantum gauge theories, we have
modified the covariant derivative by the introduction of the gauge vector field Bµ. As an extension of the results
shown in [43], we obtain that the transformations (4), (5) and (12) can be interpreted as they pass in general from
one Weyl frame (M, g, ϕ,Bµ) to another (M, g¯, ϕ¯, B¯µ) in the same equivalence class. However under the election
f = −ϕ it is possible to obtain an effective Riemannian geometry by means of the introduction of the effective
metric tensor hαβ = e
−ϕgαβ . We call Einstein-Riemann frame to the set (M,h,Aα) where Aα is the vector field
12
Bα when we have implemented the metric redefinition h. It is important to make clear that what we have called
Einstein-Riemann frame is different from the definition of Einstein frame in the usual scalar-tensor theories of gravity.
In these theories the Einstein frame is defined as the frame in which the scalar field couples minimally to gravity [47].
Unlike the geometrical scalar-tensor theories here concerned, in the usual scalar-tensor theories the Einstein frame
is introduced by a merely algebraic procedure because the background geometry in both frames (the Jordan and
the Einstein frames) is the Riemannian geometry (see section III for a better explanation). An interesting feature
is that the scalar field in the Weyl frame is in fact part of the affine structure of the manifold and plays the role of
a geometrical dilatonic field. However, the same field view in the Einstein-Riemann frame is a physical scalar field
in virtue that it does not more form part of the affine structure. Due to the different groups of symmetry between
the Weyl-Integrable and the Riemannian geometries, the Weyl scalar field must obey different symmetries in the two
different frames, and it implies that the vector field also satisfy different gauge field transformations in both frames.
The symmetry transformation of the vector field in the Einstein-Riemann frame given by (15) opens the possibility
to interpret such vector field as the electromagnetic potential. Thus, we can interpret the field equations obtained in
the Einstein-Riemann frame as they describe a theory of gravitoelectromagnetism in which both the scalar field and
the electromagnetic potential have a geometrical origin.
Matter in this geometrical formalism is introduced by means of a Weyl invariant action which exhibits a coupling
between the Weyl scalar field and the matter fields. This motivates the idea that if the scalar field plays the role of
a quintessential scalar dark energy field then the dark energy sector may has an interaction with the dark matter
sector. Thus, as an application of the formalism we have investigated the possibility that the Weyl scalar field can be
viable to construct an interacting quintessence model to address the present cosmic accelerating expansion problem.
Unlike the Zimdhal & Pavon quintessence model, in here we have a non-canonical kinetic term determined by the
ωˆ(φ) function. We have analized three different regimes of dominance: the dark energy dominance, the equality
regimen and the matter dominance regimen, and the attractor case which corresponds to a constant dark matter to
dark energy density ratio. We found that the effective potential Veff (Q) is given in terms of the ωˆ(Q) function. Thus
if ωˆ(Q) is constant we recover the typical exponential form of the potential obtained in some interacting quintessence
models [48, 49]. However, if for example ωˆ(Q) = 1/(ξQ), the effective potential has the form Veff (Q) ≃ (ξQ)−β/ξ with
β = α0
√
24piG[(1 + λ0)/(1 + ωQ)]. A typical problem in quintessence models is that the mass of the quintessence
field results to be very large in the early epochs of the universe [48, 49]. Thus, due to the coupling of both dark sectors
such value of mass may cause for example variations in the baryon to photon ratio, changing the abundances of light
elements during primordial nucleosynthesis [49]. This problem can be avoided in our model due to the function ωˆ(Q).
In fact, the mass of the quintessence field Q during nucleosynthesis results to be small enough to conciliate with the
nucleosynthesis requirements by considering appropiated ωˆ(Q) function. Morever, the mass for Q at the present time
is meff (tnow) ≃ Hnow. Taking into account that observationally the present equation of state parameter is given
by ω0 = −1.10+0.08−0.07 [45, 46], we obtain that the deceleration parameter for the attractor case ranges in the interval
−0.711 < q < −0.5557. In general, the theory of gravitoelectromagnetism obtained in the Einstein-Riemann frame
can be the framework to study cosmic structure formation models in which the seeds of cosmic magnetic fields and
of the cosmic structures can evolve in an unified manner. However we let this topic for further investigation.
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